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For spin-1/2 partiles, using a suitable Mah-Zehnder-type setup with a spin-ipper, we argue that
it is a diret onsequene of the quantum mehanial treatment that an experimentally veriable
subensemble mean of the measured values of an arbitrarily hosen spin variable exhibits dependene
on the hoie of a omeasurable `path' observable. This, in turn, enables inferring path-spin on-
textuality at the level of individual measured values of spin that are predetermined using a relevant
hidden-variable model applied to our setup.
PACS numbers: 03.65.Ta
I. INTRODUCTION
In quantum mehanis (QM), the expetation value of
any dynamial variable is xed by a given wave funtion,
and is independent of the experimental setup used for
measuring the variable in question. In partiular, this
value is independent of the measurement (previous or
simultaneous) of any other ommuting (omeasurable)
observable. The assumed extension of suh `ontext-
independene' from the level of quantum expetation
values to any individual measured value of a dynami-
al variable that is predetermined is what underpins a
lass of theories known as the deterministi nonontex-
tual hidden-variable (NCHV)models. Suh realist models
seek to provide event-by-event desriptions of quantum
phenomena by using a `more omplete' speiation of
the state of an individual system than that is given by a
wave funtion. The study of the issue onerning om-
patibility between the formalism of QM and the NCHV
models has been one of the ative areas of investigations
related to the foundational issues of QM.
Dierent versions of the proof of the mathematial the-
orem showing an inompatibility between the formalism
of QM and the deterministi NCHV models were given
by Gleason [1℄, Bell [2℄, Kohen and Speker [3℄, followed
by others suggesting a variety of ingenious proofs of this
`no-go theorem'; see, for example, [4, 5, 6, 7℄. But, muh
later, an important observation was made[8℄ that sine
all these proofs used some inputs from the formalism of
QM, and were thus not entirely independent of the formal
struture of QM, they ould not be used for experimen-
tally disriminating between QM and the NCHV models.
The above point, though, was taken into aount in
an earlier study by Roy and Singh [9℄ while showing an
inompatibility between QM and a Bell-type inequality
obtained from the stohasti NCHV models (in whih for
every possible value of the hidden variable, the probabil-
ity to nd a ertain result for a given observable does
not depend on whih other observables are measured
∗
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†
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jointly, and the joint probabilities are simply produts
of the probabilities for single observables) for partiles
with spin higher than 1/2. For the deterministi NCHV
models, Cabello and Garia-Alaine [8℄ gave an argument
using a two-partile two-state system that enables a suit-
able joint measurement pertaining to a partiular set of
ompatible propositions to disriminate between QM and
a testable onsequene of the NCHV hypothesis that is
derived independent of QM. Although this led to some
interesting work [10℄, a tiklish point is that this type of
non-statistial argument in terms of the yes-no validity
of propositions is ontingent upon the relevant dynami-
al variables being measured with innite preision - an
issue that has been the subjet of onsiderable disus-
sions [11℄ as to what extent the nite preision (in the
sense of `impreision' in atually what is being measured)
measurements an enable an empirial disrimination be-
tween QM and the deterministi NCHV models.
In the ontext of the aforesaid ontroversy, a testable
example was formulated by using an entanglement be-
tween the path and spin observables of a spin-1/2 parti-
le so that a testable Bell-type inequality an be derived
valid for any deterministi NCHV model, but whih is
independent of QM [12℄. The feature that, in suh a
sheme, QM violates the nonontextual realist Bell-type
inequality by a nite amount suggests the possibility of
empirially disriminating the NCHV models from QM,
even if the atual measurements are inevitably impreise.
The experimental realization of a variant of the above
sheme was ahieved by Hasegawa et. al.[13℄ using single-
neutron interferometry, and the NCHV models were re-
futed through an observed violation of the relevant Bell-
type inequality. Thereafter, the experimental investiga-
tion along this line was enrihed by more studies [14℄.
A signiant reent development is the formulation of
a sheme [15℄ for testing the NCHV models on the ba-
sis of the quantum mehanial violation of an inequality
obtained from the Peres-Mermin[4, 5℄ proof of the `no-
go theorem'.This proposed experiment using neutrons
has the potentiality of demonstrating the quantitatively
largest violation of a bound expeted from any NCHV
model.
The whole body of the preeding works may, thus, be
viewed as an enterprise that seeks to establish, with an
inreasing rigour, the untenability of the NCHV mod-
2els in a way distint from the studies related to loal
hidden-variable models[16℄. Thus, these works ontribute
towards ountering the doubts that have been raised (re-
viewed, for instane, by Barrett and Kent [17℄) about a
deisive empirial refutation of the NCHV models that
an be ahieved by the nite preision measurements.
Against the above bakdrop, the present Letter ex-
plores the issue of quantum ontextuality from an en-
tirely dierent perspetive. Note that all the relevant
studies have so far foused on showing an inompatibility
between QM and the NCHV models by deriving onse-
quenes from the basi tenets of the NCHV models and
by showing their inompatibility with the orrespond-
ing impliations of the formalism of QM. In ontrast, in
this Letter, we argue that it is indeed possible to derive,
within the formalism of QM, a statistially disernible
eet of `ontextuality' that is manifested in terms of the
measured values of a spin variable pertaining to either of
the two subensembles omprising the nal output ensem-
ble. The spei sense in whih the term `ontextuality'
is onsidered here pertains to the feature that the oper-
ationally well-dened subensemble spin mean values are
ontingent upon what hoie is made of measuring a suit-
ably dened omeasurable(ommuting)`path' observable.
We may stress that this form of ontextuality has so far
remained entirely unexplored.
Our demonstration is with respet to a spei setup
that makes a suitable use of the path-spin entanglement
(that an be labelled as `intrapartile entanglement') be-
tween the spin variables and the `path' observables of a
spin-1/2 partile. Importantly, this eet is obtained by
preserving the ontext-independene of the quantum ex-
petation value of spin that is dened with respet to the
whole ensemble of partiles on whih the measurements
are performed.
Further, a key aspet is that the quantum mehan-
ially alulated `ontext-dependene' at the level of
subensemble statistis enables the inferene of `ontext-
dependene' of an individual measured value of a spin
variable that is predetermined using any hidden-variable
model relevant to our setup. Thus, what is revealed is
that the property of ontextuality an be viewed as the
one embodied within the formalism of QM.
Now, before formulating our argument, we will rst ex-
plain the speis of the setup required. This disussion,
though presented in terms of the spin-1/2 partiles(suh
as neutrons), works equally well for photons with ap-
propriate polarizing and analyzing devies. Interestingly,
although suh a setup was disussed earlier[12, 13℄, the
impliation brought out in this Letter has remained hith-
erto unnotied.
II. THE SETUP
Let us onsider that an ensemble of neutrons, all or-
responding to an initial spin polarized state along the
+ẑ− axis(denoted by |↑〉z) be inident on a 50:50 beam-
splitter(BS1). An inident partile an then emerge along
either the transmitted or the reeted hannel orre-
sponding to |ψ1〉 or |ψ2〉 respetively. Subsequently, the
two beams orresponding to |ψ1〉 and |ψ2〉 are reom-
bined at a seond beam-splitter(BS2) whose reetion
and transmission probabilities are |γ|2 and |δ|2 respe-
tively.
Now, note that for any given lossless beam-splitter,
arguments using the unitarity ondition show that the
phase shift between the transmitted and the reeted
states of partiles is essentially π/2[18℄. Further, in our
treatment, we will heneforth take the reetion and
transmission amplitudes of BS2 to be real quantities.
In order to formulate our argument, it is neessary
to introdue the mutually orthogonal `path' states |ψ1〉
and |ψ2〉 whih are eigenstates of the projetions op-
erators P (ψ1) and P (ψ2) respetively. These proje-
tion operators orrespond to the observables that per-
tain to the determination of `whih hannel' a parti-
le is found to be in. For example, the results of suh
a measurement for the transmitted(reeted) hannel
with binary alternatives are given by the eigenvalues
of P (ψ1)(P (ψ2)); the eigenvalue +1(0) orresponds to
a neutron being found(not found)in the hannel repre-
sented by |ψ1〉(|ψ2〉).
Next, we onsider that the neutrons whih move along
one of the hannels, say, the one orresponding to |ψ1〉
pass through a spin-ipper(SF) (that ontains a uniform
magneti eld along the +x̂-axis) that ips the state |↑〉z
to |↓〉z. Subsequently, the neutrons passing through the
hannels |ψ1〉 and |ψ2〉 are reeted by the mirrors M2
and M1 respetively - these reetions do not lead to any
net relative phase shift between |ψ1〉 and |ψ2〉.
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Figure 1: Spin-1/2 partiles (say, neutrons) entering this Mah-
Zehnder type setup through a beam splitter BS1 pass through the
hannels orresponding to |ψ1〉 and |ψ2〉. A spin-ipper(SF) is
plaed along one of the hannels |ψ1〉. Subsequently, spin measure-
ments are onsidered on the neutrons emerging from the beam split-
ter BS2 by using the two spatially separated Stern-Gerlah devies
SG1 and SG2. For inferring quantum ontextuality, subensemble
mean values of the spin variable bσθ are onsidered pertaining to
SG1 and SG2 separately.
Thus, for the neutrons with spin |↑〉z inident on BS1,
3the state of those inident on BS2 is represented by
|Ψ〉 = 1√
2
(|ψ1〉 |↓〉z + i |ψ2〉 |↑〉z) (1)
where, in writing Eq.(1), we have taken into aount a
relative phase shift of π/2 between |ψ1〉 and |ψ2〉 that
arises beause of the reetion from BS1.
Here we stress that the proess of passing neutrons
through the arrangement of BS1+SF serves the purpose
of appropriately preparing a state given by |Ψ〉 of Eq.(1)
on whih we will onsider measurements relevant to our
demonstration of ontextuality. Note that the state thus
prepared is an entangled state involving the path degrees
of freedom and the spin variables of a spin-1/2 partile.
III. THE REQUIRED MEASUREMENTS
For analysing the relevant measurements on the state
|Ψ〉 whih is prepared by the setup preeding BS2, we
write the state after emerging from BS2 as given by
|Φ〉 = 1√
2
[i |ψ3〉 (γ |↓〉z + δ |↑〉z) + |ψ4〉 (δ |↓〉z − γ |↑〉z)](2)
where the output states |ψ3〉 and |ψ4〉 are unitarily re-
lated to the states |ψ1〉 and |ψ2〉 by the following rela-
tions
|ψ1〉 = iγ |ψ3〉+ δ |ψ4〉 (3)
|ψ2〉 = iγ |ψ4〉+ δ |ψ3〉
where γ and δ satisfy γ2 + δ2 = 1.
Eqs.(2) and (3) show that, for a given linear ombina-
tion of |ψ1〉 and |ψ2〉, using the dierent values of γ(δ),
one an generate at the output of BS2, various linear
ombinations of |ψ1〉 and |ψ2〉 that orrespond to dif-
ferent probability amplitudes of nding partiles in the
hannels orresponding to |ψ3〉 and |ψ4〉. Then, the dif-
ferent values of the BS2 beam-splitter parameter γ(δ)
an be regarded as orrresponding to dierent hoies of
what may be alled the `path' observables Âi. Thus, BS2
plays a key role as a part of this measuring arrangement.
Formally, one an write Âi = P (ψ3) − P (ψ4) where
the eigenvalues ±1 of Âi pertain to the detetion of a
partile in a hannel orresponding to either |ψ3〉 or |ψ4〉
respetively. An important point is that there is an iso-
morphism[19℄ between the algebra of the observables Âi
and the algebra of 2 × 2 omplex matries spanned as a
linear spae by the Pauli matries σx, σy , σz , and the
identity I matrix. This feature an be desribed as fol-
lows.
Taking the representation, for instane, |ψ1〉 →
(
1
0
)
,
|ψ2〉 →
(
0
1
)
and, using the relations given by Eq.(3), it
follows that
Ai =
(
γ2 − δ2 −i2γδ
i2γδ δ2 − γ2
)
(4)
that an be written as the following linear ombination
of the Pauli matries
Ai = 2γδσy + (γ
2 − δ2)σz = ~σ.~ai (5)
where ~ai = 2γδĵ + (γ
2 − δ2)k̂
Eq.(5) shows that, given a partiular hoie of the
beam-splitter parameter γ(δ), a spei `path' observ-
able Ai an be viewed as orresponding to a denite ve-
tor omponent dened by ~σ.~a. It is in this sense that
suh `path' observables may be regarded as `pseudo-spin'
observables that ommute with the atual spin observ-
ables.
IV. THE ARGUMENT INFERRING QUANTUM
CONTEXTUALITY
We fous on the measurement of an arbitrary spin
variable, say, σ̂θ with the relevant outomes being reg-
istered by the two suitably oriented Stern-Gerlah(SG1
and SG2) devies(Fig.1)plaed along the spatially sep-
arated hannels |ψ3〉 and |ψ4〉 respetively, while the
ounts registered at SG1 and SG2 also yield informa-
tion about the outomes pertaining to the measurement
of the `path' observable Âi. Note that the eigenstates
of σ̂θ an be written as |↑〉θ = cosθ |↑〉z + sinθ |↓〉z and
|↓〉θ = sinθ |↑〉z − cosθ |↓〉z. Then, orresponding to the
prepared path-spin entangled state |Ψ〉 given by Eq.(1),
the expetation value of the spin variable σ̂θ as measured
by onsidering the whole ensemble of partiles emerging
from the beam-splitter BS2(part of the measuring setup
here) is of the form
〈σ̂θ〉Ψ = 0 (6)
Here we would like to stress that the measurement
of the above expetation value involves ontributions
from both the output subensembles orresponding to the
ounts separately registered in the measuring devies SG1
and SG2. The respetive subensemble spin mean val-
ues, alulated from |Φ〉 given by Eq.(2), are denoted by
(σ¯θ)SG1 and (σ¯θ)SG2, whene
〈σ̂θ〉Ψ = (σ¯θ)SG1 + (σ¯θ)SG2 (7)
Note that all the three quantities ourring in the equal-
ity given by Eq.(7) have the same operational status as
far as their statistial reproduibility is onerned. But
there is a ruial distintion between the left and the right
hand sides of Eq.(7) with respet to the issue of path-spin
interdependene. The quantity on the left hand side of
Eq.(7), the spin expetation value 〈σ̂θ〉Ψ pertaining to
the whole ensemble, is independent of whih `path' ob-
servable is measured along with it. On the other hand,
if we onsider the quantities on the right hand side of
Eq.(7), eah of the subensemble spin mean values (σ¯θ)SG1
and (σ¯θ)SG2 is found to be sensitive to the hoie of the
4omeasurable `path' observable. This an be veried by
onsidering the spin measurement outomes pertaining
to eah of the output subensembles.
For this, we proeed by noting that, using Eq.(2), we
have for the respetive subensemble spin mean values
(σ¯θ)SG1 =
1
2
(δ2 − γ2)cos2θ + γδsin2θ (8)
(σ¯θ)SG2 =
1
2
(γ2 − δ2)cos2θ − γδsin2θ (9)
Next, we ome to the rux of our argument that hinges
on two dierent hoies of γ(δ) and where the supersript
A1(A2) is used to speify the hoie of the `path' observ-
able that an be measured in a given ontext:
(a) Taking γ = δ = 1/
√
2, this hoie implies the mea-
surement of a partiular `path' observable A1 = ~σ.~a1
where ~a1 = ĵ. In this ase, using Eqs.(8-9), we obtain for
SG1 and SG2 separately
(σ¯θ)
(A1)
SG1 = γδsin2θ; (σ¯θ)
(A1)
SG2 = −γδsin2θ (10)
whene, using Eq.(2), the spin expetation value for
the whole ensemble is given by 〈σ̂θ〉Ψ = 0.
(b) Taking γ = 1/2 and δ =
√
3/2, this hoie implies
the measurement of a dierent `path' observable A2 =
~σ.~a2 where ~a2 =
√
3
2 ĵ − 12 k̂. Consequently, using Eqs.(8-
9),we obtain
(σ¯θ)
(A2)
SG1 =
1
4
cos2θ +
√
3
4
sin2θ
(σ¯θ)
(A2)
SG2 = −
1
4
cos2θ −
√
3
4
sin2θ (11)
whene, using Eq.(2), the spin expetation value for the
whole ensemble is given by 〈σ̂θ〉Ψ = 0.
It is then evident from Eqs.(10-11) that, while the spin
expetation value 〈σ̂θ〉Ψ pertaining to the whole ensem-
ble remains the same for both the hoies of A1 and A2,
the path-spin interdependene gets manifested in terms
of the subensemble spin mean values given by the testable
quantities (σ¯θ)
(A1,A2)
SG1 and (σ¯θ)
(A1,A2)
SG2 . To put it pre-
isely, in our example, the interdependene between the
`path' and the spin variables has the following operational
meaning
(σ¯θ)
(A1)
SG1 6= (σ¯θ)(A2)SG1 ; (σ¯θ)(A1)SG2 6= (σ¯θ)(A2)SG2 (12)
i.e., the subensemble mean value of the spin variable σ̂θ
depends upon whih of the `path' observables Â1 or Â2
is omeasured, where both Â1 and Â2 ommute with σ̂θ.
A ruial point to be stressed is that the above man-
ifestation of ontextuality holds good whatever be the
hoie of measuring the spin variable σ̂θ; i.e., this eet
ours for any value of θ, thereby undersoring the essen-
tially quantum mehanial nature of the eet demon-
strated here. This is beause, while the path-spin en-
tangled state is prepared in our setup suh that it in-
volves the spin-polarized state along a partiular dire-
tion, viz. the ẑ-axis, it is the quantum superposition
of spin states with respet to any basis, used expliitly
in writing Eqs.(8) and (9), that ensures the statistial
display of path-spin interdependene for the measured
values of any arbitrary spin omponent σ̂θ pertaining to
eah of the two subensembles of partiles in the output
hannels. This eet is, thus, not reproduible using any
lassial model using pre-existing nonontextual values
of dynamial variables.
Further, note that although the above treatment has
been given in terms of the subensemble averages of the
measured spin values, it an be veried that the depen-
dene on the hoie of the omeasurable `path' observable
manifests as well in terms of the relevant utuations
(∆σ̂θ) =
√
〈σ̂2θ〉 − 〈σ̂θ〉2 pertaining to the measured val-
ues of spins for the subensembles under onsideration.
The above signature of ontextuality is, thus, entirely a
onsequene of the quantum mehanial treatment of the
setup onsidered here, obtained by onning attention
to the statistis of the spin measurement outomes for
eah of the two subensembles at the exit hannels. Note
that, although the above argument is given speially
for the state preparation involving a 50:50 beam-splitter
BS1, the treatment an also be shown to be valid for
a general beam-splitter BS1, i.e., for dierent hoies of
reetivity(transmittivity). Hene this demonstration is
not state-spei.
Next, we remark that sine at the exit hannels, eah
of the subensemble spin mean values exhibits dependene
on the hoie of a omeasurable `path' observable Â1(Â2),
this feature suggests that an individual measured value
of a spin variable whih is predetermined using a relevant
hidden-variable model applied to our setup would also de-
pend on the omeasured `path' observable Â1(Â2) whose
hoie haraterizes the ontext of this experiment. The
meaning of suh ontext-dependene within the frame-
work of a hidden-variable model that is appliable to our
setup an be explained as follows.
Let us onsider two distint hidden-variables that de-
termine separately the individual outomes of the spin
measurement in the output hannels, and whether an
individual partile is reeted/transmitted at the beam-
splitter BS2 that ours subsequent to the preparation of
the path-spin entangled state on whih the relevant mea-
surements are onsidered. For a given prepared state,
suh hidden-variables be denoted by λ and µ respetively
where, for the sake of illustration, we stipulate that for,
say, λ = +1(−1), the partile is found in the up(down)
hannel of either of the SG devies that are used for mea-
suring a spin variable, while for a given value of γ(δ) har-
aterising the beam-splitter BS2 , if, say, µ < γ2(µ ≥ γ2),
the partile is transmitted(reeted) at BS2.
Now, if the parameter γ(δ) is varied, some of
5the partiles earlier transmitted(reeted) will be re-
eted(transmitted), and, onsequently, the distribu-
tion of the values of µ for the partiles emerging in
the reeted/ transmitted hannel will vary. Con-
omitantly, the distribution of the values of λ for re-
eted/transmitted partiles must also hange, thereby
aeting the individual measured values of spin. Note
that the latter feature is neessary for the ompatibil-
ity with the quantum mehanial result that, as γ(δ) is
varied, the statistial properties of the spin measurement
results pertaining to eah of the subensembles registered
at the respetive SG devies SG1 and SG2 must also get
hanged. At the same time, however, this hange of the
distribution of λ values for the reeted/transmitted par-
tiles, indued by the variation of γ(δ), needs to be suh
that the statistial results of spin measurements for the
whole ensemble of partiles emerging from BS2 remain
unhanged.
Thus, the upshot of the above argument is that, in
terms of a relevant hidden-variable model, if one analyses
the quantum mehanial eet of path-spin ontextual-
ity shown in this paper, a nontrivial orrelation would
be required between the way the distributions of the val-
ues of the pertinent hidden-variables λ and µ undergo
hanges as the BS2 parameter γ(δ) is varied. It is suh
orrelation at the level of hidden-variables that embodies
path-spin ontextuality in the sense we have disussed
for our example.The detailed features of suh orrelation
merit lose srutiny and should be an interesting dire-
tion for further study.
V. CONCLUDING REMARKS
In sum, the argument presented here reveals a uri-
ous harateristi of the ontextuality relation between
the path and the spin degrees of freedom of a spin-1/2
partile that is distint from the ontextuality involving
other mutually ommuting dynamial variables. While
the former, as shown in this paper, is amenable to a
quantum mehanially derivable manifestation in terms
of subensemble statistis, the latter is denable essen-
tially in terms of an inompatibility between any NCHV
model and the QM formalism. Investigations are, thus,
alled for to gain insights into the nuanes of this ontrast
between the path-spin ontextuality and the form of on-
textuality that exists between other mutually ommuting
dynamial variables; in partiular, the dierene between
the type of ontextuality shown here and the Kohen-
Speker-Bell-type ontextuality needs to be pinpointed.
As to whether the eet demonstrated in the present pa-
per also holds for other possible shemes that may imple-
ment joint path-spin measurement is an interesting ques-
tion. Finally, a deeper understanding is required of the
way in whih, in the example onsidered in this Letter,
the nonontextual harater of QM is preserved for the
expetation value of spin dened for the whole ensem-
ble, while the quantum formalism allows for the display
of path-spin ontextuality in terms of the subensemble
statistial results for the measured spin values.
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